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Abstract
A ﬁnite element method for treating two-dimensional electron systems with Rashba spin–orbit interaction is developed. The
Rashba spin–orbit interaction removes spin degeneracy, so that each spin contributes to the conductance differently. By accounting
for the connection between a system and leads, this method yields the conductance of a nanoscale quantum device for each spin
state. As an example, this calculation method is applied to a model of a quantum point contact. The results of this calculation indicate
conductance quantization and a large spin polarization. We discuss the estimated accuracies of this calculation.
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1. Introduction
Recent advances in technology have made it possible to fabricate very small conductors. Small conductors whose
dimensions are intermediate between microscopic and macroscopic are termed mesoscopic conductors. The dimensions
of mesoscopic conductors range from a few nanometers to hundreds of microns making them smaller than phase
relaxation lengths. When the coherence of an electron is maintained in an entire system, the wave nature of electrons
and quantum interference effects become signiﬁcant. When conductors are smaller than the mean free path of electrons,
electrons propagate ballistically. In this ballistic regime, inelastic scattering is negligible and an electron’s momentum
is preserved. In order to achieve a long mean free path, most mesoscopic experiments are based on GaAs–AlGaAs
heterojunctions. In such heterojunctions, a thin two-dimensional conducting layer is formed at the GaAs–AlGaAs
interface. Two-dimensional electron systems (2DES) have very high electron mobilities and long mean free paths.
In this study, we assume the existence of the Rashba spin–orbit interaction in a 2DES. Signiﬁcant advances are
expected in electronic devices when it becomes possible to control electron spin. This is because spin can be treated as
a bit, making calculations using only single electrons possible. Most electronic devices, however, are spin-degenerate
systems, so that it is not possible to distinguish up and down spin in them. The Rashba spin–orbit interaction has
attracted considerable attention recently since it is known to remove spin degeneracy.
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The transport of an electron in a 2DES is governed by quantum mechanics. In this study, we solve the two-dimensional
Schrödinger equation for the nearly free electron model. The transport of an electron in a mesoscopic system is strongly
affected by the shape of the system, because the electron’s coherence is preserved in such a system. Therefore, numerical
calculation methods that are capable of dealing with arbitrarily shaped systems are required. One analytical method
that can be applied to arbitrarily shaped systems is the boundary element method (BEM). In this method, the boundary
integral equation is solved using Green’s function.
The BEM has been applied to 2DES in the presence of arbitrarily shaped magnetic scatterers [4] and point-like
magnetic scatterers [5]. Magnetic scatterers remove spin degeneracy, so spin splitting is observed in these cases. In
particular, lattice-like arrangements of point-like magnetic scatterers give rise to very high spin polarization. However,
Green’s function has not been developed for the case with Rashba spin–orbit interaction. So application of the BEM
to cases that include the Rashba effect may be difﬁcult.
In this paper, we apply the ﬁnite element method (FEM) to a 2DES with Rashba spin–orbit interaction. The model
that we use is a ballistic conductor with leads. In our method, the nodal values of the wave function are solved
simultaneously, and the transmission and reﬂection amplitudes, which give the reﬂection and transmission probabilities,
are then calculated from the nodal values of the wave function. The conductance of a system is obtained using the
Landauer formula. As an example, a model having a quantum point contact (QPC) is assumed. Initially, the case without
Rashba spin–orbit interaction is calculated and the results indicate that conductance quantization occurs, in agreement
with experimental measurements. When Rashba spin–orbit interaction is included, a large spin polarization is observed.
Finally, we discuss the estimated accuracies of our calculations.
2. Mesoscopic systems
The effective-mass Schrödinger equation is given by
− h¯
2
2m∗
∇2(r) + V(r) = E(r), (1)
where m∗ is the effective mass,  is the wave function, V is the potential and E is the energy. In a 2DES, conﬁnement
in the z-direction imposes quantization of the z component of the energy Ez. Using the method of separation of
variables, V (r) = V⊥(x, y) + Vz(z), E(r) = E⊥(x, y) + Ez(z), (r) = ⊥(x, y)z(z), Eq. (1) for the z component is
given by −(h¯2/2m∗)(2/z2)z(z) + Vzz(z) = Ezz(z). In the case of a square well potential, the eigenenergy and
eigenfunction are given by
Ez = h¯
2
2m∗
(
nz
dz
)2
, z(z) =
√
2
dz
sin
(
nz
dz
(
z + dz
2
))
, (2)
where dz is the width of the z-direction conﬁnement and nz is a natural number. Because of the narrow conﬁnement of
the 2DES, nz is generally 1. When y-direction conﬁnement is imposed on the 2DES, quasi-one-dimensional systems
known as quantum wires are formed. Employing the method of separation of variables in the y-direction, the total
energy is given by
E = h¯
2
2m∗
k2x +
h¯2
2m∗
(
ny
dy
)2
+ Ez,nz=1, (3)
where kx is the x-direction wavenumber and the y-direction conﬁnement is taken to be a square-well potential. Fig. 1
depicts the model we used. The leads are regarded as semi-inﬁnite quantum wires. The wave functions of each lead
are given by
1 =
∑
n
1,n,
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2
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, (4)
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Fig. 1. A conductor with leads is assumed. The energies are quantized in each lead and the dispersion relationship exhibits a subband structure.
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∑
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where rnm is the reﬂection amplitude, tnm is the transmission amplitude and we assume that an incident electron wave
of unit amplitude propagates from the left contact. The ﬁrst term on the right-hand side of Eq. (4) corresponds to an
incident wave, the second term corresponds to a reﬂection wave and the right-hand side of Eq. (5) corresponds to a
transmission wave. The Fermi energy Ef is given by Ef = (h¯2/2m∗)(k2l + (l/d)2) where Ez is included in Ef and l
refers to either n or m. The probability current is given by
i1n = ih¯2m∗
∫ dz/2
−dz/2
∫ dy/2
−dy/2
(
1n
(
1n
x
)∗
− ∗1n
(
1n
x
))
dy dz = h¯
m∗
(
kn −
∑
m
|rnm|2km
)
, (6)
i2n = ih¯2m∗
∫ dz/2
−dz/2
∫ dy/2
−dy/2
(
2n
(
2n
x
)∗
− ∗2n
(
2n
x
))
dy dz = h¯
m∗
(∑
m
|tnm|2km
)
. (7)
As a result of current conservation i1n − i2n = 0, we have
∑
m
Rnm +
∑
m
Tnm = 1, (8)
Rnm = |rnm|2 km
kn
, Tnm = |tnm|2 km
kn
. (9)
Eq. (8) can be rewritten as Tn + Rn = 1, where Tnm is the transmission probability from mode n to mode m, Rnm is
the reﬂection probability, Tn =∑mTnm is the transmission probability of incident mode n and Rn =∑mRnm is the
reﬂection probability. Thus, Eqs. (6) and (7) can be expressed as
i1n = i2n = h¯kn
m∗
Tn = h¯kn
m∗
(1 − Rn), (10)
where the current is given by the group velocity h¯kn/m∗ and the transmission probability Tn. Since electron ﬂow
is independent in each channel, each channel is considered to be an one-dimensional system. The total current I is
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given by
I =
∫ ∞
0
∑
n
ei2n()f0(− 1)(1 − f0(− 2))
1
2
Nn() d
−
∫ ∞
0
∑
n
ei2n()f0(− 2)(1 − f0(− 1))
1
2
Nn() d, (11)
where f0 is the Fermi distribution function, 1,2 are the chemical potentials of leads 1 and 2, respectively. The energy
of the nth mode is n = (h¯kn)2/2m∗, the density of states is Nn() = (1/)(kn/n) and the group velocity is
vn() = (1/h¯)(n/kn). Since eV = 1 − 2 is very small, f0( − 1,2) can be approximated by f0( − 1,2) ≈
f0() + f0/(∓eV ) + · · · . Thus, the conductance of Eq. (11) is given by
g = I
V
= 2e
2
h
∫ ∞
0
∑
n
Tn()
(
−f0

)
d, (12)
where the factor 2 originates from the spin degeneracy. Since the Fermi distribution function can be approximated by
a step function at very low temperatures, Eq. (12) can be written as
g = 2e
2
h
∑
n
Tn(Ef ), (13)
where −f0/= (−Ef ). Eq. (13) is known as the Landauer formula [2]. Using this equation, we can calculate the
conductance if we know the transmission amplitudes of each mode. The transmission amplitudes can be calculated in
our formulation by accounting for the connections between the conductor and leads.
3. Finite element formulation
3.1. Boundary conditions
At ﬁrst, we study the case without Rashba spin–orbit interaction. We rewrite Eq. (1) in a dimensionless form
−∇ˆ2(r) = (kd)2(r), (14)
where the dimensionless energy (kd2)= (2m∗d2/h¯)(E −V ) and we adopt the width of the leads d as the length scale,
∇ˆ = d∇. For simplicity, we write ∇ˆ as ∇. Fig. 2 shows a schematic diagram of our model. Left and right leads are
connected to a ballistic conductor. 1 and 2 refer to the boundaries between the conductor and the leads, while 3
refers to the boundary between the conductor and the walls. An electron wave propagates from the left lead to the
conductor, and is then transmitted and reﬂected at the contacts of both leads. We assume hard walls, so that an electron
V= ∞
Γ1
e incident
mode α
transmission
mode γ
reflection
mode β dx
y
Γ2
Γ3
Ω
Fig. 2. A ballistic conductor with leads.
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cannot penetrate the walls. In this case, we consider the following boundary conditions:
1 : = sin
(

d
(
y + d
2
))
exp(ikx) +
∑
	
r	 sin
(
	
d
(
y + d
2
))
exp(−ik	x), (15)
2 : =
∑


t
 sin
(


d
(
y + d
2
))
exp(ik
x), (16)
3 : = 0, (17)
where , 	 and 
 indicate incident, reﬂection and transmission modes, respectively, and r	 and t
 indicate reﬂection
and transmission amplitudes, respectively. At the boundary between 1 and 2, the wave function  is expanded in
terms of the eigenfunctions of each lead, while at the boundary 3, the wave function is taken to be 0 since an electron
cannot penetrate the walls.
3.2. Weak variational form
Eq. (14) is multiplied by a test function ¯ and integrated over the conductor region 
−
∫

¯∇2 d−
∫

(kd)2¯ d= 0,∫

∇¯ ·∇− (kd)2¯ d=
∫

¯ d, (18)
where is the boundary of the conductor region. To perform numerical calculations, we discretize the conductor region
on a mesh with nodal points ri . The wave function is expanded in terms of the basis of the shape functions Ni(r)
(r) ≈
∑
i
uiNi(r), (19)
where nodal values of the wave function ui =(ri ). In the same way, the test function is expanded in terms of the basis
of the same shape functions used above
¯(r) ≈
∑
i
u¯iNi(r). (20)
Substituting Eqs. (19) and (20) into Eq. (18) gives
u¯i
∫

Ni
x
Nj
x
+ Ni
y
Nj
y
− (kd)2NiNj duj =
2∑
n
∫
n
¯

n
d, (21)
where /n is a normal derivative of. The unknown variables on the right-hand side of Eq. (21), are not nodal values
of the wave function ui but the reﬂection and transmission amplitudes r	 and t
, respectively. We should therefore
evaluate the boundaries 1 and 2 specially.
3.3. Handling of leads
Using the orthogonality of eigenfunctions, the reﬂection amplitudes r	 and the transmission amplitudes t
 are
expressed by the wave function  in Eq. (21). At the boundary 1, the wave function is given by the eigenfunction of
lead 1 (Eq. (15)). Multiplying Eq. (15) by sin(	/d)(y + d/2) and integrating over 1 gives
2
d
∫ d/2
−d/2
 sin
(
	
d
(
y + d
2
))
dy = eikx	 + r	 e−ik	x . (22)
Therefore, r	 is given by
r	 = 2e
ik	x
d
∫ d/2
−d/2
 sin
(
	
d
(
y + d
2
))
dy − e2ik	x	. (23)
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Using Eq. (23), the normal derivative of  is given by

n
= − 
x
= − 2ikeikx sin
(

d
(
y + d
2
))
+
∑
	
i
2k	
d
∫ d/2
−d/2
 sin
(
	
d
(
y + d
2
))
dy sin
(
	
d
(
y + d
2
))
. (24)
When the wave function is discretized by Eq. (19), Eq. (23) is discretized in the following manner:
r	 ≈ 2e
ik	x
d
1∑
i,j
(N˜i	ui + N˜j	uj ) − e2ik	x	, (25)
where N˜(i,j)	 =
∫ d/2
−d/2 Ni,j sin((	/d)(y + d/2)) dy. In the same way, Eq. (24) is given by

n
≈ −2ikeikx sin
(

d
(
y + d
2
))
+
∑
	
i
2k	
d
1∑
i,j
(N˜i	ui + N˜j	uj ) sin
(
	
d
(
y + d
2
))
. (26)
Finally, the right-hand side of Eq. (21) at the boundary 1 for i, j is given by
∫
1,ij
¯

n
d1 ≈ u¯i
⎛
⎝−i2keikx1N˜i +∑
	
i
2k	
d
1∑
l,m
(N˜l	ul + N˜m	um)N˜i	
⎞
⎠
+ u¯j
⎛
⎝−i2keikx1N˜j +∑
	
i
2k	
d
1∑
l,m
(N˜l	ul + N˜m	um)N˜j	
⎞
⎠ , (27)
where x1 is the x coordinate of the boundary 1. The reﬂection amplitudes r	 are given by the nodal values of the
wave function ui . In the same way, at the boundary 2, the transmission amplitudes t
 are given by ui
t
 ≈ 2e
−ik
x2
d
1∑
i,j
(N˜i
ui + N˜j
uj ). (28)
Nodal values of the test function appear on both sides of Eq. (21). Because of the arbitrary nature of the test function,
we obtain simultaneous equations for each nodal value of the wave function. If we solve these simultaneous equations,
we can obtain ui and we can then calculate the reﬂection amplitude r	 and the transmission amplitude t
 using Eqs.
(25) and (28), respectively. In this way, we can apply the FEM to a 2DES. It should be noted that while the evanescent
modes (kd =
√
(2md2/h¯)(E − V ), E <V ) do not contribute to electron transport they need to be considered in the
numerical implementation for the sufﬁcient discretization of the boundary.
4. Numerical results
We apply our method to a model of a QPC (see Fig. 3). We consider a rectangular conductor whose width is equal
to the length of the leads and introduce the potential [1]
V¯ (x, y) = 2md
2
h¯
V (x, y) = V0
2
(
1 + cos
(
x
Lx
))
+ E0
∑
±
[
y − y±(x)

]2
(±(y − y±(x))),
y±(x) = ±W04
(
1 − cos
(
x
Lx
))
, Lx =
{
L1 (−L1 <x < 0),
L2 (0 <x <L2).
(29)
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Fig. 3. The geometry of a QPC.
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Fig. 4. Conductance for Fig. 3. Vertical axis is scaled by 2e2/h.
In our calculation, we set E0 = 102, V0 = 0.7E0, L1 = L2 = W0 = d and  = d/4. Using our method, we calculate
the transmission amplitude of all incident modes when the wavenumber kd is varied from 9 to 20. We can obtain the
transmission probabilities for each incident mode using Eq. (9), and the conductance using Eq. (13). Fig. 4 shows the
conductance for our model. There are discrete steps having heights of 2e2/h. Electron transport is conﬁned by the QPC
since electrons have to pass through the narrow width of the QPC. When passing through the QPC, as dy of Eq. (3)
becomes small, the wavenumber in the propagation direction kx becomes small. An electron is reﬂected fully by the
QPC if E − Ez,nz=1 <(h¯2/2m∗)(/dy)2. For every E − Ez,nz=1 >(h¯2/2m∗)(ny/dy,min)2(ny = 1, 2, 3, . . .), where
dy,min is the minimum width of the QPC, the conductance increases by an increment of 2e2/h. The roundness of steps
results from the roundness of the QPC and the consequent exudation of the wave function. Discrete steps are observed
in experiments and they referred to as conductance quantization [6].
5. Including Rashba spin–orbit interaction
5.1. Formulation
So far we have not consider the Rashba spin–orbit interaction. If the Rashba spin–orbit interaction is introduced to
the 2DES, its spin degeneracy is removed. Therefore, by treating the up and down spin states of an electron separately,
we consider the wave function as a spinor. The Schrödinger equation with the Rashba spin–orbit interaction is given
by [3]
p2
2m∗
(
↑
↓
)
+ 
h¯
(pyx − pxy)
(
↑
↓
)
= (E − V )
(
↑
↓
)
, (30)
where the second term on the left-hand side corresponds to the Rashba effect,  depends on the perpendicular component
of the electric ﬁeld at the heterojunction interfaces and  = (x , y , z) are the Pauli spin matrices. Eq. (30) can be
Y. Miyagawa, T. Ueta / Journal of Computational and Applied Mathematics 218 (2008) 96–105 103
 0
 0.02
 0.04
 0.06
 0.08
 0.1
 10  12  14  16  18  20
P
kd
P
Fig. 5. The spin polarization for the geometry shown in Fig. 3.
 0
 0.02
 0.04
 0.06
 0.08
 0.1
 10  12  14  16  18  20
U
kd
U
Fig. 6. The accuracy of the calculation for Fig. 5.
rewritten in dimensionless form as
−∇ˆ2↑,↓ − iˆ
(

yˆ
± 
xˆ
)
↓,↑ = (kd)2↑,↓, (31)
where ∇ˆ=d∇, ˆ=(2m∗d/h¯2), xˆ=x/d , yˆ=y/d and (kd2)=(2m∗d2/h¯)(E−V ). For simplicity we will subsequently
omit .ˆ It should be noticed that the spin of the Rashba term is opposite to the spin of other terms. By multiplying Eq.
(31) by the test function ¯↑,↓ and integrating, we get the weak variational form given by∫

∇¯↑,↓ ·∇↑,↓ − (kd)2¯↑,↓↑,↓ − i¯↑,↓
(

y
± i 
x
)
↓,↑ d=
2∑
n
∫
n
¯↑,↓

n
↑,↓ dn. (32)
In this way, we can apply FEM to a 2DES with Rashba spin–orbit interaction for each spin following the same
procedure that we used for the 2DES without the Rashba spin–orbit interaction. Fig. 5 shows the spin polarization P
for the geometry shown in Fig. 3. The spin polarization is deﬁned as
P =
∣∣∣∣G↑ − G↓G↑ + G↓
∣∣∣∣ , G↑ = G↑↑ + G↓↑, G↓ = G↑↓ + G↓↓, (33)
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Fig. 7. Probability density plot when kd = 13, incident mode is 4 and incident spin is up.
Fig. 8. The area to which the Rashba effect is applied.
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Fig. 9. The accuracy of the calculation for Fig. 8.
where G↑↓ indicates that the incident spin is up and the transmission spin is down. The spin quantization axis of the
conductance is in the y-direction. The spin of the electron is ﬂipped as it experiences an effective magnetic ﬁeld due to
the Rashba effect. Moreover electrons having up and down spins propagate differently through the conﬁnement of the
QPC, so that spin polarization is observed.
5.2. Accuracy of calculation
Finally, we checked the accuracy of our calculations. In our calculations, by taking into account the conservation of
probabilities in Eq. (8), the mean accuracy for all conducting modes is estimated to be
U = 1
M(kd)
M(kd)∑
m
|Rm + Tm − 1|, (34)
where M(kd) is the total number of conducting modes. The accuracy for the case without the Rashba effect (Fig. 4) is
sufﬁciently high, namely less than 0.001. On the other hand, Fig. 6 shows the accuracy for the case with the Rashba
effect (Fig. 5). In this case, the accuracy is not high and there are some sharp peaks, which occur at approximately
kd = n, n = 1, 2, 3, . . . . Fig. 7 shows the probability density plot at a point having low accuracy. The wavenumber
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Fig. 10. The spin polarization for Fig. 8.
kd = 13 is close to the fourth mode, 4 ≈ 12.57. Thus kx is small, resulting in a standing wave between the incident
wave and the reﬂection wave. This standing wave produces a localization in the left section of the QPC that disconnects
the coupling between right and left sections, especially for electrons having down spin. Thus the localization in the
presence of the Rashba effect results in a low accuracy. So we apply the Rashba effect to only the right section as
shown in Fig. 8. In this case, the accuracy is sufﬁciently high (Fig. 9) since there is no localization in the presence of
the Rashba effect. Even in this case, a large spin polarization is observed (Fig. 10). The spin polarization results from
the Rashba effect in the right section of the QPC.
6. Conclusions
We have applied the FEM to a 2DES in the presence of the Rashba spin–orbit interaction. In our method, we can deal
with the connection between a ballistic conductor and leads by taking account of the orthogonality of the eigenfunctions
of the leads. In mesoscopic systems, electron transport depends on the shape of the system. Our FEM formulation is
capable of handling arbitrarily shaped conductors. Therefore, applications to various quantum devices are anticipated.
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